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Minitutorial overview and slides:

bastiaansen.github.io/M

patterns/patternM

.html|
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Introduction

Multistability and patterns

Explicit construction of front solutions
- Existence

- Stability

Dynamics of existing structures

Summary & Outlook
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Patterns in developmental biology

TG



Questions / research topics

How and when do these patterns form?

What are the underlying mechanisms behind pattern
formation?

When are initial conditions and/or external factors
Important?

Can we predict the pattern wavelength?
Are observed patterns stationary or transient?
How about pattern stability/robustness?



Turing pattern formation

(© Time 1 Inhibitor (I)
(B) . Rapidly diffusing inhibitor (I) i
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Time 1 _’J\/“W‘Vf\\,\\:
Activator (A) 4 — :'_/_ﬁ I diffuses " Activator ()
stimulates g quickly Time 2
production of / \@ and inhibits mE ¢
inhibitor (I) / \ autocatalysis [EE-EE

Slowly diffusing activator (A) - %
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Introduction: Turing patterns

® Turing 1952: Stable uniform state in a kinetic system (ODE) can become unstable
when you add diffusion (PDE).

® Diffusion driven pattern formation (nowadays: Turing patterns).

® Counter intuitive: Diffusion was/is thought of having a stabilising effect.

Heat equation:
Ut - Uxx

Exercise 4.44, 0<t<10

4.0
LR

08"
06-
04

0.2~

| [ wikipeia]




Introduction: Turing patterns

® Turing 1952: Stable uniform state in a kinetic system (ODE) can become unstable
when you add diffusion (PDE).

® Diffusion driven pattern formation (nowadays: Turing patterns).

® Counter intuitive: Diffusion was/is thought of having a stabilising effect.

Heat equation: 1of

Ut = Uxx s
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Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

u o\ F(u,v) _(u
Kinetic system (ODE): v/, = G’(u, ,U) ’ W= v

Want: (0,0) to be stable fixed point, so F(0,0)=G(0,0)=0 and




Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

u o\ F(u,v) (u
Kinetic system (ODE): v/, =7 G(u, ?J) ’ W= v

Want: (0,0) to be stable fixed point, so F(0,0)=G(0,0)=0 and

linearisation: W, — ’YAW, A — ( gu gv )
“ v/ (0,0)
Characteristic polynomial gives (substitute eM) — eigenvalues of the Jacobian:
M+ = tr(A) = F,+G,
A1Ao = det (A) = F,G,+ F,G,

So, for (0,0) to be stable fixed point we need:

F,+G, <0 & F.G, > F,G,




Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

add diffusion (PDE): “) =~ F(u,v) L Yae
v/ G(’LL, U) dVzq

Question: Can (0,0) transform into an unstable fixed point?




Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

| | - U . F(u, U) Uy
add diffusion (PDE): ( v )t = 7( G (u,v) ) T ( AUy )

Question: Can (0,0) transform into an unstable fixed point?

o 1 0
Linearization: W, = ’)/AW 4 DW;,;;,,;, D= ( 0 4 )
Characteristic polynomial (substitute eit+k):

(k: wave number) 9

0 = |[yA — \I — D&?|

So: w—
MA+X = v(F,+Gy) =Kk (144d)

('YFu - k2)(7Gv — de) - VQ(FUGU)

T

A1 A2




Introduction: Turing patterns




Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

Recall, for (0,0) to be a stable fixed point for the ODE, we needed:

F,+G, <0 & F,G, > F,G, *

Therefore, the sum of the eigenvalues of the PDE

M+ = y(F,+G,) -k (1+d)

is always negative.



Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

Recall, for (0,0) to be a stable fixed point for the ODE, we needed:

F,+G, <0 & F,G,>F,G,

Therefore, the sum of the eigenvalues of the PDE

A+ A = ’Y(Fu + GU) — k2(1 -+ d)

is always negative.



Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

Recall, for (0,0) to be a stable fixed point for the ODE, we needed:

F,+G, <0 & F.G, > F,G, ™

o _—

Therefore, the sum of the eigenvalues of the PDE

M+ = y(F,+G,) -k (1+d)

M

T I——

is always negative.

So, for (0,0) to be an unstable fixed point for the PDE, we need
)‘1>\2 — (fYFu - k'Q)(,yGU — dk2) T VQ(FUGU) s
+dk* <0 L

= YX(F,Gy — F,Gy) — vk*(dF, + G,)

o S

This gives:

dF, +G, >0 (d#1) & (dF, + Gy)* > 4d(F,G, — F,G,)

T




Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

() ()

So, the four conditions for Turing Instability are

F,+G, < 0
.G, > F,G,
dF, + G, > 0
(dF, + G,)? > 4d(F,G, — F,Gy)

and since we have five “unknowns” we can realise this!



Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

() (Be) (2n)

So, the four conditions for Turing Instability are

F,+G, < 0
F.G, > F,G,
dF, + G, > 0
(dF, + G,)? > 4d(F,G, — F,Gy)

and since we have five “unknowns” we can realise this!



Introduction: Turing patterns

Stable uniform state in a kinetic system (ODE) can become unstable when you add diffusion (PDE)

(0) = (et )+ ()

So, the four conditions for Turing Instability are

F,+G, < 0
F.G, > F,G,
dF, +G, > 0
(dF, + Gy)* > 4d(F,G, — F,Gy,)

B —

and since we have five “unknowns” we can realise this!

DIFFUSION CAN HAVE A DESTABILISING EFFECT!!



Introduction: Turing patterns

Example: Diffusive Holling—Tanner predator-prey model with an alternative food source for the predator

N NP
Ny=rN(1-2)- 2% | DN,
K N +a
B.=sP|1l — + Do Py
hN + ¢ —
Predator
0.7
0.6 |
Predator Pos 06 -
0.4} :
0.5 ;
0.3
Prey N ~ 5CH e
YN 02 - 100 1000\\ < 100
0.1 ‘
0 . ‘ , | ’ WS s i
-100 -50 0 50 100 X t 0 -100 x

[Arancibia-lbarra et al., 2021]
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Tipping Points
IPCC AR6 (2021) : @ critical threshold beyond which a system
reorganizes, often abruptly and/or irreversibly”

Planetary transitions Ecosystem shifts




Tipping Points

IPCC AR6 (2021) : @ criticgl threshold beyond which a system
reorganizes, often abruptly and/or irreversibly”

Mathematics

' 8 . BARENTS & : ' . ; . ; " )
it -~,. COLLAPSE (2% "gep jor. WS i e Tipping points €<= Bifurcations
lledee St e P %S e S 4 ABRUPTLOSS ' YENTX B 0
‘ BOREAL  LABRADOR SEA/ _' e BOREALFOREST P dy
. PERMAFROST _ SUBPOLARGYRE |\ =~ RELTHERNDIEEACK S — f (y ’u)
- ABRUPT THAW COLLAPSE : - B S Jler v dt ’
.~ ATLANTIC MERIDIONAL
OVERTURNING CIRCULATION
‘ {COLLAPSE *‘ o W
/ Ao x> % SAHEL/ _ 1
(M= m S WESTAFRICAN MONSOON &
w9z GEEENINGEN LOW-LATITUDE CORAL REEFS Q
AMAZON | DIE-OFF | <+ .
RAINFOREST S .,
DIEBACK [72) ‘e,
‘ £ 0 e,
MOUNTAIN GLACIERS Q ¥
LOSS b7 .,
. EAST ANTARCTIC Y j
WEST ANTARCTIC , EAST ANTARCTIC _ SUBGLACIAL BASINS
COLLAPSE "2 s LAPSE 2

GLOBAL WARMING THRESHOLDS = r
<2°C Y 4°C A ZAOC = l _0.') () ().-,) 1

environmental conditions

source: McKay et al, 2022
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Canonical example:

dy 5
E;—yﬂ—ﬁf)+u

ecosystem productivity

environmental conditions

dy
dt

du _ _

=fow dv
o= 9w v




Tipping in ODEs (1)

Canonical example:

Y

Concrete example: Global Energy Balance Model

[May, 1977]

Classic Literature
[Holling, 1973]
[Noy-Meier, 1975]

Tipping

Bifurcation-Tipping :
Noise-Tipping :

Rate-Tipping :

[Ashwin et al, 2012]

Basin disappears

Forced outside Basin

(more complicated)



Two components:

includes common models:

Predetor-Prey
Activator-Inhibitor

ecosystem productivity

Tipping in ODEs (2)

environmental conditions

Examples of tipping in ODEs include:
Forest-Savanna bistability
Deep ocean exchange
Cloud formation
Ice sheet melting
Turbidity in shallow lakes




Reality is not always spatially-uniform!

s types of
stratocumulus
clouds

[RAMMB/CIRA SLIDER]

tropical forest
& savanna
ecosystems

[Google Earth]

sea-ice & water
at Eltanin Bay

[NASA's Earth observatory]

algae bloom
in Lake St. Clair

[NASA’s Earth observatory]




Examples of spatial patterning — regular patterns

Savannas
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melt ponds S drylaas



A spatially heterogeneous world

Example:

Classic Tipping

Tipping in Spatially Heterogeneous Systems

Spatial Transport

Example: 4 2
y _ 0% 2
5c = Pz ty—y)+u+t




Coexistence states

Bistable (Allen-Cahn/Nagumo) equation:

*s
.
..
3

Coexistence States




Front Dynamics — [ —

ay 0%y
a—DWH“(y,u)

Potential function V(y; u): '
S .

11 ' /
2

¥

0

av L _
ay (yr ﬂ) - f(y* “) s 0 0.5 1

moves right stationary moves left

Maxwell Point i, ,xwelt




Patterns in models

T [Rietkerk et al, 2004]

Add spatial transport:

Reaction-Diffusion equations: | :
(du = L _
E = f(u, v) + Du Au 5 lipping point
\ 4
dv z
LE =g(u,v) +D, Av g

e

Klausmeier 19991 1Gilad et al 20041 [Rietkerk et al 20021 liu et al 20131



Turing bifurcation

Instability to non-
uniform perturbations

()= () reen

—> Dispersion relation
A(k) = -

Al

EDNPZY

y

Turing patterns T = S + D, b

ecosystem productivity

dv
T g, v) + D, Av

environmental conditions

Weakly non-linear analysis
Ginzburg-Landau equation / Amplitude Equation

& Eckhaus/Benjamin-Feir-Newel criterion
[Eckhaus, 1965; Benjamin & Feir, 1967; Newell, 1974]




Busse balloon L fuv) + D, bu

v _ g(u,v) + D, Av
Busse balloon “
g =B
A model-dependent . | -
shape in 2 %
(parameter, observable) | < t2ifs, ~,--" Turing bifurcation
space that indicates all = — ¢ Tipping point
stable patterned j_ " . -
solutions to the PDE. ;| o2
Construction Busse balloon ; — —
Via numerical continuation tuvironmentil condition,
Busse balloon
few general results on the |ldea originates from thermal convection
shape of Busse balloon [Busse, 1978]




Minitutorial overview

—Htradction
. Multistability and patterns E-:FEF"]!-E-E
. Explicit construction of front solutions F':,"-'.l:l"-l"-: '::g
T
- Existence ',;:_';F '[q
- Stability E . I
« Dynamics of existing structures o the

« Summary & Outlook



