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uring Patterns

Seminal paper in 1952: “The chemical basis of morphogenesis”



Reaction-Diffusion Equation for Dryland Ecosystems

2
2

&
|

Wryr —W -+ aQ —WU
Vp = DQfUm —mv  Fwv
B

T [Rietkerk et al, 2004]

osystem productivity

ronmental conditions



Turing bifurcation

Instability to non-
uniform perturbations

()= () eeve(

—> Dispersion relation
A(k) = -

A(k)

u
v

y

Turing patterns

ecosystem productivity

(du
Ezf(u,v) + D, Au
dv
— =g, v) + D, Av

| dt

environmental conditions

Weakly non-linear analysis
Ginzburg-Landau equation / Amplitude Equation

& Eckhaus/Benjamin-Feir-Newel criterion
[Eckhaus, 1965; Benjamin & Feir, 1967; Newell, 1974]




Dispersion Relations

f_du f(u,v) + A
= , v Uu
Jar =
av + DA
—_— = v

Set (Z): l; + et gikx g
<*)/ / ()\

Temporal Spatial Component
Evolution Structure Structure

Meaningfull choice since:

A elkX — _[2 olkx
- PR

eigenvalue eigenfunction




Dispersion Relations

du fwv) + A
— = f(u,v u
<dt

dv_ + DAv

u U, : u 0
Set ( ) — ( ) 1+ o/t olkX (_) »
[4 U, 14 0.1

_ =
To obtain per wavenumber k: g

[ Y P (T P
Ak) (17)_ : (O D) v Ju Gv/ \U e
This yields the dispersion relation A, (k) = ---, 1, (k) = -+



Perturbation Evolution on Different Domains
> Infinite Domains: .y

. U, u
All wavenumbers k possible ( ) — ( ) T j dk 2 A i)t ka (_)
% U, U/k,i

> Finite Domains: 2

Only wavenumbers k possible that fit the domain (u) — U + z z Ch i e/li(k) t eikx (U)
v v, ot U/ ki

kel' i=1

= o —————
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Perturbation Evolution on Different Domains

> Infinite Domains: u

All wavenumbers k possible ( ) = ( *> +j dk z ehitk) t pikx ( )
v k,i

> Finite Domains:

kel i=1

Only wavenumbers k possible that fit the domain ( > E E Cpe 8/1 (k) t lkx ( )
l —
k,i

> Discretised Finite Domains:

nghest wavenumbers also k become |mp055|ble
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Perturbation Evolution on Different Domains

> Infinite Domains: U " = 2 ot ik (T
All wavenumbers k possible ( )= +j dk E Cri€™ el (_)
Uy —00 =1 U/k,i
=

(%

> Finite Domains: B

2
Only wavenumbers k possible that fit the domain (u) — U + z z Ch i e/li(k) t eikx (u)
v v, ot U/ ki

kel' i=1

> Discretised Finite Domains:

Highest wavenumbers also k become impossible

Re(\)

» “Less regular Networks”:

See rest of this presentation




Progressively Less Regular Networks




Progressively Less Regular Networks
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Progressively Less Regular Networks
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Dispersion Relations on Network

(du ( du
- Jwv) o Au - =fww)
| dv g(u U) + DAv < dv ( )
P ' —=g(u,v
 dt A
° K I i Spatial
» ii Temporal Spatial Component
_01i o \ Evolution L Structure Structure Structure
* 00 \ L Mezn;?EIUL C_hzizczsci,zi Mean:gf:ll;l;ice IF:
a0 s 4 o | / B
7 eigenvalue eigenfunction




Dispersion Relation for Progressively Less Regular Networks
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Tracking eigenfunctions
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(a) Eigenvalues followed through swaps 1 to 343. (b) Eigenvalues followed through swaps 344 to 700.

Figure 24: First thirteen patterns for which the real part of the eigenvalue, Re(\), is larger that zero,
followed through the first 700 swaps.



Comparlng to bounded domain
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Com arln to bounded domain
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Distance in network

Comparable to smaller and smaller domains?
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Lattice size 28.9% of the initial domain size



Summary

The more interconnected a network is,

the more it behaves like a system with a smaller spatial domain

— So also less resilient?

Caveat / Future Work

Now only linear stability analysis with one specific setup,

* Is there limit behaviour for infinite number of swaps?

* Do things change for other network constructions?

* What about nonlinear effects and Turing patterns on network?

MSc thesis by Margriet Spoorenberg
‘Pattern Formation on Progressively Less Regular Networks’

slides at bastiaansen.github.io
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