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Mathematics
Tipping points Bifurcations

𝑑𝑦

𝑑𝑡
= 𝑓(𝑦, 𝜇)
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environmental conditions
source: Global Tipping Points Report 2025 Update



𝑑𝑢

𝑑𝑡
= 𝑓(𝑢, 𝑣; 𝜇)

𝑑𝑣

𝑑𝑡
= 𝑔(𝑢, 𝑣; 𝜇)

𝑑 Ԧ𝑦

𝑑𝑡
= 𝑓( Ԧ𝑦; 𝜇)

Classic Theory of Tipping

Canonical example:
𝑑𝑦

𝑑𝑡
= 𝑦 1 − 𝑦2 + 𝜇





Examples of spatial patterning – regular patterns

mussel beds

drylands

clouds

melt ponds

savannas



Examples of spatial patterning – spatial interfaces
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Patterns in models

Add spatial transport:

Reaction-Diffusion equations:

𝑑𝑢

𝑑𝑡
= 𝑓(𝑢, 𝑣)

𝑑𝑣

𝑑𝑡
= 𝑔(𝑢, 𝑣)

+ 𝐷𝑢 ∆𝑢

+ 𝐷𝑣 ∆𝑣

[Klausmeier, 1999] [Gilad et al, 2004] [Rietkerk et al, 2002] [Liu et al, 2013]



Turing patterns 𝑑𝑢

𝑑𝑡
= 𝑓(𝑢, 𝑣)

𝑑𝑣

𝑑𝑡
= 𝑔(𝑢, 𝑣)

+ 𝐷𝑢 ∆𝑢

+ 𝐷𝑣 ∆𝑣

Turing bifurcation

Instability to non-
uniform perturbations

→ Dispersion relation

𝑢

𝑣
=

𝑢∗

𝑣∗
+ 𝑒𝜆𝑡𝑒𝑖𝑘𝑥

ത𝑢

ҧ𝑣

𝜆 𝑘 = ⋯

Weakly non-linear analysis
Ginzburg-Landau equation / Amplitude Equation
& Eckhaus/Benjamin-Feir-Newel criterion
[Eckhaus, 1965; Benjamin & Feir, 1967; Newell, 1974]



Busse balloon 𝑑𝑢

𝑑𝑡
= 𝑓(𝑢, 𝑣)

𝑑𝑣

𝑑𝑡
= 𝑔(𝑢, 𝑣)

+ 𝐷𝑢 ∆𝑢

+ 𝐷𝑣 ∆𝑣

Busse balloon

A model-dependent
shape in
(parameter, observable)
space that indicates all
stable patterned
solutions to the PDE.

Busse balloon
Idea originates from thermal convection
[Busse, 1978]

Construction Busse balloon
Via numerical continuation

few general results on the
shape of Busse balloon



Tipping of patterned systems

Classic tipping Tipping of patterns

Rietkerk, M., Bastiaansen, R., Banerjee, S., van de Koppel, J., Baudena, M., & Doelman, A. 

(2021). Evasion of tipping in complex systems through 
spatial pattern formation. Science, 374(6564), eabj0359.
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Research by Phd Candidate

Paul Sanders

Paper out:
Sanders, P. A., & Bastiaansen, R. (2026). Early
warning of critical transitions: distinguishing
tipping points from Turing 
destabilizations. Physica D: Nonlinear
Phenomena, 135300.

Early warning of critical transitions: 
Distinguishing tipping points from turing destabilizations



Recall: disperion relations



Use disperion relations for early warning



Data Y(𝑥, 𝑡)
Perturbed Data

𝛿𝑌 𝑥, 𝑡 = 𝑌 𝑥, 𝑡 − 𝑌(𝑡)

fit perturbed data to a 
linearized spatial 
stability model

𝛿𝑌𝑡 = 𝐴𝛿𝑌 + 𝐵𝛿𝑌

Retrieve dispersion relation 
to understand the stability of 

different spatial patterns

𝜆 𝑘 𝛿𝑌 = 𝐴𝛿𝑌 + ෠𝐵 𝑘 𝛿𝑌

Spatial differential 
operator

Determining dispersion relation from noisy data



𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2
+ 𝑝 − 𝑢 − 𝑢𝑣2 + 𝑁𝑜𝑖𝑠𝑒1(𝑥, 𝑡)

𝜕𝑣

𝜕𝑡
= 𝛿

𝜕2𝑣

𝜕𝑥2
+ 𝑢𝑣2 1 − ℎ𝑣 − 𝑚𝑣 + 𝑁𝑜𝑖𝑠𝑒2(𝑥, 𝑡)
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Environmental conditions

Tipping Point

Turing Bifurcation

Tipping Point
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Environmental conditions

Case 1: Saddle-node bifurcation Case 2: Turing bifurcation
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Test case:
extended Klausmeier 

model



1. Dynamical Noise

• 100 Distinct datasets 
• Spatially Correlated Noise
• Average and extreme dispersion relation 

outcomes plotted
• Density plotted for found dominant 

eigenmode 𝑘∗ and dominant eigenvalue 𝜆∗

• Δ𝑘∗ = 𝑘∗,𝑟𝑒𝑎𝑙 − 𝑘∗

Scaled
 D

en
sity o

f 𝑘
∗

𝜆
(𝑘

)

Scaled Density of 𝜆∗

2. Observation time 3. Data Sampling

Time

Sp
ac

e

Sp
ac

e

Time

Method testing



Bifurcation Diagrams

True Mean 95% 5% DensityTrue (𝑘∗, 𝜆∗) Data (𝑘∗, 𝜆∗) 𝜎(𝑘∗, 𝜆∗)

Spatial Eigenmode 𝑘 

Scaled
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f 𝑘
∗

Scaled
 D
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sity o

f 𝑘
∗

Spatial Eigenmode 𝑘 Spatial Eigenmode 𝑘 

Environmental condition 𝑝
6 220

𝜆
(𝑘

)
𝜆

(𝑘
)

Scaled Density of 𝜆∗ Scaled Density of 𝜆∗ Scaled Density of 𝜆∗

Case 1: 
Saddle-node 
bifurcation

Case 2: 
Turing Bifurcation

Constant forcing numerical experiment



Time-varying forcing numerical experiment

Spatial Eigenmode 𝑘 

Scaled
 D

en
sity o

f 𝑘
∗

Scaled
 D

en
sity o

f 𝑘
∗

Spatial Eigenmode 𝑘 Spatial Eigenmode 𝑘 

Environmental condition 𝑝
[8 − 6] [4 − 2][20 − 18]

𝜆
(𝑘

)
𝜆

(𝑘
)

Scaled Density of 𝜆∗ Scaled Density of 𝜆∗ Scaled Density of 𝜆∗

Case 1: 
Saddle-node 
bifurcation

Case 2: 
Turing Bifurcation

DensityData (𝑘∗, 𝜆∗) 𝜎(𝑘∗, 𝜆∗)True Final Mean 95% 5%True initial

Bifurcation Diagrams



Follow-up: can we determine bifurcation criticality?

Examples:
• pitchfork bifurcation
• Turing bifurcation



Follow-up: can we determine bifurcation criticality?

Closer to bifurcation point

b
et

te
r

p
re

d
ic

ta
b

ili
ty



Tipping
in

Spatially Extended Systems: 
early warnings & control



Coexistence States

Coexistence states

Bistable (Allen-Cahn/Nagumo) equation:
𝜕𝑦

𝜕𝑡
= 𝑦 1 − 𝑦2 + 𝜇 + 𝐷

𝜕2𝑦

𝜕𝑥2



Front Dynamics

𝜕𝑦

𝜕𝑡
= 𝐷

𝜕2𝑦

𝜕𝑥2
+ 𝑓 𝑦; 𝜇

Potential function 𝑉(𝑦; 𝜇): 
𝜕𝑉

𝜕𝑦
𝑦; 𝜇 = −𝑓(𝑦; 𝜇)

moves right moves leftstationary

Maxwell Point 𝝁𝒎𝒂𝒙𝒘𝒆𝒍𝒍



Adding Spatial Heterogeneity

𝜕𝑦

𝜕𝑡
= 𝐷

𝜕2𝑦

𝜕𝑥2
+ 𝑓 𝑦, 𝑥; 𝜇

Now, the local difference in 
potentials determines the front 
movement

New behaviour:

• Multi-fronts can be stationary
[Bastiaansen, Doelman, Kaper, 

2025, preprint]

• Maxwell point is smeared out



Fragmented Tipping



Other Spatial Heterogeneities

[Bastiaansen, Dijkstra, Von der Heydt, 2022]



Tipping
in

Spatially Extended Systems: 
early warnings & control



Optimisation of heterogeneity in Allen Cahn equation

Can’t we just pick and choose our favourite!?

Research by Phd Candidate

Aurora Faure 
Ragani

Preprint:
Optimisation of tipping
pathways in a spatially

heterogeneous
world. arXiv preprint 

arXiv:2606.23012.



Source: Andrew Millison on Youtube (see his videos on Great Green Wall)

Idea: with local action, prevent larger-scale change 



Approach: make it an optimisation problem
Mathematical Optimisation Problem

Minimize  𝑓 𝑧
subject to  𝑔 𝑧 = 0
   ℎ 𝑧 ≤ 0

Bifurcation diagrams

environnemental conditions
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Front dynamics

space
sy

st
em
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Approach 1: “simulation-like”
Mathematical Optimisation Problem

Minimize  𝑓 𝑧
subject to  𝑔 𝑧 = 0
   ℎ 𝑧 ≤ 0

COST FUNCTION
For example:
Minimize the globally averaged 
state at time 𝑡𝑒

𝑓 𝑧 ≔ න 𝑦 𝑥, 𝑡𝑒; 𝑧  𝑑𝑥

Model-Constraint
Some model with specified scenario:

𝑔 𝑧 ≔ −
𝜕𝑦

𝜕𝑡
+ 𝐷

𝜕2𝑦

𝜕𝑥2
+ 𝑦 1 − 𝑦2 + 𝜇 𝑥, 𝑡 + 𝑧(𝑥)

Perturbation size restriction
The applied perturbation cannot be too large

ℎ 𝑧 ≔ 𝑧 − 𝛿 ≤ 0



OPTIMISEDORIGINAL

Example optimisation

Details
Objective: minimise the mean of the final state 

𝜇 𝑡𝑒 = 0.7 
𝛿 = 0.3

Pre-existing heterogeneity: 
1

2
cos(𝜋𝑥)



Example optimisation
𝛿 = 0 𝛿 = 0.015 𝛿 = 0.035



Approach 2: “continuation-like”
Mathematical Optimisation Problem

Minimize  𝑓 𝑧
subject to  𝑔 𝑧 = 0
   ℎ 𝑧 ≤ 0

COST FUNCTION
For example:
Location of bifurcation as far as 
possible to the right

𝑓 𝑧 ≔ −𝜇𝐵𝐼𝐹(𝑧)

Bifurcation constraint
Needs to be a solution at a saddle-node bifurcation

𝑔1 𝑧 ≔ 𝐷
𝜕2𝑦

𝜕𝑥2
+ 𝑦 1 − 𝑦2 + 𝜇 𝑥 + 𝑧 𝑥

𝑔2 𝑧 ≔  “𝑒𝑖𝑔𝑒𝑛𝑣𝑎𝑙𝑢𝑒 𝑎𝑡 𝑧𝑒𝑟𝑜”

Perturbation size restriction
The applied perturbation cannot be too large

ℎ 𝑧 ≔ 𝑧 − 𝛿 ≤ 0



𝜇

environmental conditions
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environmental conditions

Equilibrium optimisation: example B

1 2 3 4 5 6

1 2 3 4 5 6

1

2

3

4
5 6

1

2

3
4

5

6



Objective function: −𝜇𝑆𝑁5Non optimised system: 𝑦𝑡 = 𝐷 𝑦𝑥𝑥 + 𝑦 1 − 𝑦2 + 𝜇 +
1

2
cos 𝜋𝑥 sin(2𝜋𝑥)

Optimised system: 𝑦𝑡 = 𝐷 𝑦𝑥𝑥 + 𝑦 1 − 𝑦2 + 𝜇 +
1

2
cos 𝜋𝑥 sin(2𝜋𝑥) + 𝜇𝑝𝑒𝑟𝑡(𝑥)

𝜇𝑡𝑜𝑡(𝑥)

Bifurcation diagram Solution at optimal 𝜇𝑆𝑁1 𝜇𝑡𝑜𝑡 𝑥 for 𝜇 = 𝜇𝑆𝑁1

Equilibrium optimisation: example B - details

43

𝑚
𝑒𝑎

𝑛
(𝑦

)



Example optimisation

Details
Objective: move bifurcation to the right as far as possible

𝛿 = 0.3
Pre-existing heterogeneity: 

1

2
cos 𝜋𝑥 sin(2𝜋𝑥)
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Do systems always behave like this? (a.k.a. the small print)

No.

Well-mixed systems Spatially confined systems

→ Such systems (again) behave like ODEs

But even in other systems terms & conditions apply:
System-specific knowledge is required!



𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2
+ 𝑎 − 𝑢 − 𝑢𝑣2

𝜕𝑣

𝜕𝑡
= 𝐷

𝜕2𝑣

𝜕𝑥2
+ 𝑢𝑣2(1 − ℎ𝑣)  − 𝑚𝑣

resource

consumer

Time scale of feedback



𝜕𝑢

𝜕𝑡
=

𝜕2𝑢

𝜕𝑥2
+ 𝑎 − 𝑢 − 𝑢𝑣𝒔

𝜕𝑣

𝜕𝑡
= 𝐷

𝜕2𝑣

𝜕𝑥2
+ 𝑢𝑣𝒔 1 − ℎ𝑣 − 𝑚𝑣

𝜕𝒔

𝜕𝑡
= (𝑣 − 𝒔)/𝜏𝑠

resource

consumer

engineered construct

Time scale of feedback

Research by MSc student

Rita Mak
Now PhD candidate @ 

Osnabrück



Time scale of feedback
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Summary



Summary

THANKS TO:

Rita Mak Paul Sanders Aurora Faure Ragani

Anna van der Kaaden Anna von der Heydt Henk Dijkstra

Johan van de Koppel Arjen Doelman Tasso Kaper

Swarnendu Banerjee Mara Baudena Max Rietkerk Slides at bastiaansen.github.io

𝜆
(𝑘

)

2. Refined spatial early
warning signs can signal not
only for when but also what

transition happens

3. Optimising
heterogeneity can

postpone, halt, prevent
or revert tipping

4. Time scales
be important!

1. Tipping can be more subtle:
Spatial reorganization
Fragmented Tipping
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